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MEASURE-THEORETIC MEAN EQUICONTINUITY AND BOUNDED
COMPLEXITY
TAO YU
ABSTRACT. Let (X ,B,µ ,T ) be a measure preserving system. We say that a function
f ∈ L2(X ,µ) is µ-mean equicontinuous if for any ε > 0 there is k ∈ N and measurable
sets A1,A2, · · · ,Ak with µ
(
k⋃
i=1
Ai
)
> 1−ε such that whenever x,y∈Ai for some 1≤ i≤ k,
one has
limsup
n→∞
1
n
n−1
∑
j=0
| f (T jx)− f (T jy)|< ε.
Measure complexity with respect to f is also introduced. It is shown that f is an almost
periodic function if and only if f is µ-mean equicontinuous if and only if µ has bounded
complexity with respect to f .
Ferenczi studied measure-theoretic complexity using α-names of a partition and the
Hamming distance. He proved that if a measure preserving system is ergodic, then the
complexity function is bounded if and only if the system has discrete spectrum. We show
that this result holds without the assumption of ergodicity.
1. INTRODUCTION
Throughout this paper, a topological dynamical system (t.d.s. for short) is a pair (X ,T),
where X is a compact metric space with a metric d and T is a homeomorphism from X
to itself, and a measure preserving system (m.p.s. for short) is a quadruple (X ,B,µ,T),
where (X ,B,µ) is a Lebesgue space and T is an invertible measure-preserving transfor-
mation from X to itself. There is a natural connection between topological dynamical
systems and measure preserving systems. If (X ,T ) is a t.d.s., then a probability measure
µ on (X ,BX) is T -invariant if and only if (X ,BX ,µ,T ) is a m.p.s., where BX is the Borel
σ -algebra of X .
A t.d.s. (X ,T ) is called equicontinuous if for any ε > 0 there exists δ > 0 such that
d(T nx,T ny)< ε for any n≥ 0 whenever d(x,y)< δ . The analogous concept of equicon-
tinuity for m.p.s. is the discrete spectrum property. In the study of discrete spectrum,
Fomin introduced the concept of stability in the mean in the sense of Lyapunov (mean-
L-stability for short) in [6]. It was shown in [22] that mean-L-stability is equivalent to
mean equicontinuity. In [22], Li, Tu and Ye showed that every ergodic measure in a mean
equicontinuous system has discrete spectrum.
In [16], Huang, Lu and Ye studied equicontinuity for invariant measures of t.d.s.. They
showed that for an invariant measure µ on a t.d.s. (X ,T), if (X ,T,µ) is µ-equicontinuous
then µ has discrete spectrum. Following this idea, in [8] Garcı´a-Ramos introduced mean
equicontinuity for an ergodic invariant measure µ of a t.d.s. (X ,T) and showed that
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(X ,T,µ) is µ-mean equicontinuous if and only if it has discrete spectrum, see also [20]
for another proof. It should be noticed that recently the authors in [14, 17] showed that
for an invariant measure µ on a t.d.s. (X ,T ), (X ,T,µ) is µ-mean equicontinuous if and
only if it has discrete spectrum.
Complexity function is very useful to describe equicontinuity. In [3], Blanchard et al.
studied topological complexity via the complexity function of an open cover and showed
that the complexity function is bounded for any open cover if and only if the system is
equicontinuous. In [14, 17], Huang et al. studied topological and measure-theoretic com-
plexity via a sequence of metrics induced by a metric and showed that an invariant mea-
sure µ on (X ,T) has bounded complexity with respect to d¯n if and only if (X ,T ) is µ-mean
equicontinuous if and only if it has discrete spectrum, where d¯n(x,y)=
1
n ∑
n−1
i=0 d(T
ix,T iy).
Ferenczi [5] studied measure-theoretic complexity of a m.p.s (X ,B,µ,T ) using α-
names of a partition and the Hamming distance. He proved that if a m.p.s is ergodic
then the complexity function is bounded if and only if the system has discrete spectrum.
In this paper, we will show that for an invariant measure µ on (X ,T ), (X ,T) is µ-mean
equicontinuous if and only if the complexity of (X ,BX ,µ,T ) using α-names of a partition
and the Hamming distance is bounded. Huang et al. [14] proved that (X ,T) is µ-mean
equicontinuous if and only if it has discrete spectrum, we know Ferenczi’s result also
holds for invariant measure.
Following the idea in [7], Garcı´a-Ramos and Marcus introduced measure-theoretic
mean equicontinuity with respect to a function [12]. Let (X ,T ) be a t.d.s. with metric
d and µ be a T -invariant measure on X . We say that a function f ∈ L1(X ,µ) is µ-mean
equicontinuous if for every τ > 0 there exists a compact subset K of X with µ(K)> 1−τ
such that for any ε > 0 there exists δ > 0 such that
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|< ε
whenever d(x,y) < δ with x,y ∈ K. It was shown in [12] that for an ergodic measure µ
on (X ,T), f ∈ L2(X ,µ) is µ-mean equicontinuous if and only if f is an almost periodic
function.
In this paper, we use complexity function to describe measure-theoretic mean equicon-
tinuity with respect to a function. For a function f ∈ L1(X ,µ), we define a sequence
of pseudo-metrics f¯n(x,y) =
1
n ∑
n−1
i=0 | f (T
ix)− f (T iy)|. We consider the measure com-
plexity with respect to { f¯n}. It is shown that for an invariant measure µ on (X ,T ) and
f ∈ L2(X ,µ), µ has bounded complexity with respect to { f¯n} if and only if f is µ-mean
equicontinuous if and only if f is an almost periodic function.
We show that these results also hold for a m.p.s (X ,B,µ,T ). The only difficulty to
overcome is that the definition of µ-mean equicontinuity of a function relies on a given
metric on X , even though it does not depend on the metric. We will give a purely measure-
theoretical definition of µ-mean equicontinuity of a function which is equal to the ordi-
nary one in t.d.s., which answers the question in [12]. Let (X ,B,µ,T ) be a m.p.s.. We
say that a function f ∈ L1(X ,µ) is µ-mean equicontinuous in the measure-theoretic sense
if for any ε > 0 there is k ∈N and measurable sets A1,A2, · · · ,Ak with µ
(
k⋃
i=1
Ai
)
> 1−ε
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such that whenever x,y ∈ Ai for some 1≤ i≤ k, one has
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|< ε.
The structure of the paper is the following. In Section 2, we recall some basic notions
which we will use in the paper. In Section 3, we show that for a m.p.s. (X ,B,µ,T),
complexity function using α-names of a partition and the Hamming distance is bounded
if and only if the system has discrete spectrum, which generalize Ferenczi’s result without
the assumption of ergodicity. In Section 4, we give a purely measure-theoretic definition
of the measurable mean equicontinuity of a function, and show that it is equal to the
ordinary one in t.d.s.. We will also prove for a t.d.s. (X ,T ) with an invariant measure µ , a
function f ∈ L1(X ,µ) is µ-mean equicontinuous if and only if µ has bounded complexity
with respect to { f¯n}. In Section 5, we show that f ∈ L
2(X ,µ) is µ-mean equicontinuous
if and only if f is an almost periodic function.
Acknowledgments. I would like to thank Professors Xiangdong Ye, Jian Li and Guohua
Zhang for useful suggestions.
2. PRELIMINARIES
In this section we recall some notions and aspects of dynamical systems. Let A be a
finite subset of a topological space. Denote by #(A) the number of elements of A.
Let F be a subset of Z+. Define the upper density D(F) of F and lower density D(F)
of F by
D(F) = limsup
N→∞
1
N
#(F ∩ [0,N−1])
D(F) = liminf
N→∞
1
N
#(F ∩ [0,N−1]).
2.1. µ-mean equicontinuity. Let (X ,T) be a t.d.s. with a metric d. Denote the collec-
tion of all invariant measures on (X ,T ) by M(X ,T), and all ergodic measures on (X ,T)
byMe(X ,T). We say that a subset K of X is a mean equicontinuous set if for every ε > 0,
there exists a δ > 0 such that for all x,y ∈ K with d(x,y)< δ we have
limsup
n→∞
1
n
n−1
∑
i=0
d(T ix,T iy)< ε.
Let µ ∈M(X ,T ). We say that (X ,T) is µ-mean equicontinuous if for every τ > 0 there
exists a mean equicontinuous set K of X with µ(K) > 1− τ . Let f ∈ L1(X ,µ). We say
that a subset K of X is f -mean equicontinuous set if for every ε > 0, there exists a δ > 0
such that
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|< ε
for all x,y ∈ K with d(x,y) < δ . We say that f is µ-mean equicontinuous if for every
τ > 0 there exists a f -mean equicontinuous set K of X with µ(K)> 1− τ .
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2.2. Lebesgue Space. A measurable space (X ,B) is called a Borel space if it is isomor-
phic to (Y,BY ) where Y is a subset of the Cantor set. A topological space X is called
Polish if there exists a metric on X such that the metric topology coincides with the origi-
nal topology and with respect to this metric X is complete and second countable. A Borel
space (X ,B) is called a standard Borel space if it is isomorphic to (Y,BY ) where Y is a
Polish space. We call a measure space (X ,B,µ) a Lebesgue space if (X ,B) is a standard
Borel space and µ a regular probability measure on B.
Theorem 2.1. If (X ,B,µ,T ) is a m.p.s. where (X ,B,µ) is a Lebesgue space, then there
is a t.d.s. (Y,S) such that pi : (Y,BY ,ν,S)→ (X ,B,µ,T ) is measure-theoretically iso-
morphic, where ν is an S-invariant Borel probability measure and BY is the σ -algebra
consisting of Borel subsets of Y .
2.3. Discrete spectrum and almost periodic functions. Let (X ,B,µ,T ) be an invert-
ible m.p.s. An eigenfunction is some non-zero function f ∈ L2(X ,µ) such that U f =
f ◦ T = λ f for some λ ∈ C. In this case, λ is called the eigenvalue corresponding to
f . It is easy to see every eigenvalue has norm one, that is |λ | = 1. If f ∈ L2(X ,µ) is
an eigenfunction, then cl{Un f : n ∈ Z} is compact in L2(X ,µ). Generally, we say that
f is almost periodic if cl{Un f : n ∈ Z} is compact in L2(X ,µ). It is well known that
the set of all bounded almost periodic functions forms a U -invariant and conjugation-
invariant subalgebra of L2(X ,µ) (denoted by Ac). The set of all almost periodic functions
is just the closure of Ac (denoted by Hc), and is also spanned by the set of eigenfunc-
tions. (X ,B,µ,T ) is said to have discrete spectrum if L2(X ,µ) is spanned by the set of
eigenfunctions, that is Hc = L
2(X ,µ).
3. COMPLEXITY FUNCTION AND DISCRETE SPECTRUM
Ferenczi [5] studied measure-theoretic complexity of a m.p.s (X ,B,µ,T ) using α-
names of a partition and the Hamming distance. He proved that if a m.p.s is ergodic then
the complexity function is bounded if and only if the system has discrete spectrum. In this
section, we show that for an invariant measure µ on (X ,T ), (X ,T ) is µ-mean equicon-
tinuous if and only if the complexity of (X ,BX ,µ,T ) using α-names of a partition and
the Hamming distance is bounded. It should be noticed that Huang et al. [14, Theorem
4.2, 4.3, 4.6] proved that (X ,T ) is µ-mean equicontinuous if and only if it has discrete
spectrum.
Let (X ,B,µ,T ) be a m.p.s. and α = {A1, . . . ,Al} be a measurable partition of X . For a
point x ∈ X , the α-name α(x) is the bi-infinite sequence αi(x) where αi(x) = h whenever
T nx ∈ Ah. For x,y ∈ X and n≥ 1, let
Hαn (x,y) =
1
n
#{0≤ i≤ n−1: αi(x) 6= αi(y)}.
For x ∈ X , n≥ 1 and ε > 0, let
Bαn (x,ε) = {y ∈ X : H
α
n (x,y)< ε}
and
K(n,α,ε) =min{#(F) : µ(
⋃
x∈F
Bαn (x,ε))> 1− ε}.
It was proved by Ferenczi [5, Proposition 3] that if µ is ergodic, (X ,B,µ,T) has discrete
spectrum if and only if for any finite partition α of X and ε > 0 there exists C > 0 such
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that K(n,α,ε) ≤C for all n ≥ 1. We will show Ferenczi’s result holds for any invariant
measure by proving a stronger result.
We say that a subset K of X is an equicontinuous set in the mean if for every ε > 0,
there exists a δ > 0 such that for any n ∈ N and all x,y ∈ K with d(x,y) < δ we have
1
n ∑
n−1
i=0 d(T
ix,T iy) < ε . (X ,T) is µ-equicontinuous in the mean if for every τ > 0 there
exists a subset K of X which is an equicontinuous set in the mean with µ(K)> 1− τ .
Theorem 3.1. Let (X ,T) be a t.d.s. and µ ∈M(X ,T). Then the following statements are
equivalent:
(1) (X ,T) is µ-mean equicontinuous.
(2) (X ,T) is µ-equicontinuous in the mean.
(3) For any finite partition α = {A1, . . . ,Al} of X and ε > 0 there exists C > 0 such
that K(n,α,ε)≤C for all n≥ 1.
(4) For any finite partition α = {A1, . . . ,Al} of X and ε > 0 there is k ∈ N and mea-
surable sets B1,B2, · · · ,Bk satisfying µ(
k
∪
i=1
Bi) > 1− ε , and if x,y ∈ Bi for some
1≤ i≤ k, then limsup
n→∞
Hαn (x,y)< ε .
(5) For any finite partition α = {A1, . . . ,Al} of X and ε > 0 there is k ∈ N and mea-
surable sets B1,B2, · · · ,Bk satisfying µ(
k
∪
i=1
Bi) > 1− ε , and if x,y ∈ Bi for some
1≤ i≤ k, then Hαn (x,y)< ε for any n ∈ N.
Proof. (1)⇔ (2) is [14, Theorem 4.2].
(2) ⇒ (3) Let α = {A1, . . . ,Al} be a measurable partition of X . By the regularity
of µ , Ai can be approximated in measure by a sequence of its closed subsets P
m
i such
that µ(Ai \P
m
i ) <
1
m
µ(Ai). We let Um = X \
l
∪
i=1
Pmi . Then µ(Um) <
1
m
for m ∈ N. Let
sm(i, j) = min{d(x
m
i ,x
m
j ) : x
m
i ∈ P
m
i ,x
m
j ∈ P
m
j } and sm = min
1≤i 6= j≤l
sm(i, j). Fix ε > 0, there
is m′ ∈ N such that µ(Um′)<
1
m′
< ε
2
2
.
As (X ,T ) is µ-equicontinuous in the mean, There is a subset K with µ(K) > 1− ε
2
2
and δ > 0 such that
1
n
n−1
∑
i=0
d(T ix,T iy) < ε2sm′
for all n ∈ N and x,y ∈ K with d(x,y)< δ . LetU ′ = K∩U c
m′
, choose compact setU ⊂U ′
such that µ(U)> 1− ε2.
For n∈N and x∈X , let E(x) = {i≥ 0 : T ix∈U} and En= {x∈X :
#(E(x)∩[0,n−1])
n
> 1−
ε}. Then µ(En)> 1−ε . By the regularity of µ , we can choose compact set Gn ⊂ En∩U
such that µ(Gn)> 1− ε− ε
2.
For x,y ∈ Gn with d(x,y) < δ , let An(x,y) = {0≤ i ≤ n−1 : d(T
ix,T iy) < sm′}, then
1
n
#(An(x,y)) ≥ 1− ε
2. For i ∈ E(x)∩E(y)∩An(x,y), T
ix,T iy ∈ K ∩ (
l
∪
j=1
Pm
′
j ). By the
definition of sm′ , we have (T
ix,T iy) ∈
l
∪
j=1
Pm
′
j ×P
m′
j ⊂
l
∪
j=1
A j×A j. So H
α
n (x,y)≤ 2ε + ε
2
for any n ∈ N.
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Since U is compact, there exist x1,x2, · · · ,xM ∈ U such that
⋃M
r=1B(xr,
δ
2
) ⊇ U . Let
In = {r ∈ [1,m] : B(xr,
δ
2
)∩Gn 6= /0}. For r ∈ In, we choose y
n
r ∈ B(xr,
δ
2
)∩Gn. Then
⋃
r∈In
(
B(ynr ,δ )∩Gn
)
⊇
⋃
r∈In
(
B(xr,
δ
2
)∩Gn
)
= Gn.
So µ(
⋃
r∈In B
α
n (y
n
r ,2ε + ε
2))> 1− ε− ε2, then K(n,α,ε2+2ε)≤M for any n ∈ N.
(3)⇒ (5) Let ε > 0. There is C =C(ε) such that for any n ∈ N, there is Fn ∈ X with
#(Fn)≤C such that
µ
(⋃
x∈Fn
Bαn (x,ε/8)
)
> 1− ε/8.
Let D = X ×X \
l
∪
i=1
Ai×Ai. By the Birkhoff pointwise ergodic theorem for µ × µ a.e.
(x,y) ∈ X2
Hαn (x,y) =
1
n
n−1
∑
i=0
1D(T
ix,T iy)→ H∗(x,y).
So for a given 0< r<min{1, ε
2C
}, by Egorov’s theorem there are R⊂X2 with µ×µ(R)>
1− r2 and N0 ∈ N such that if (x,y) ∈ R then
|Hαn (x,y)−H
α
N0
(x,y)|< r, for n≥ N0.
By Fubini’s theorem there is A ⊂ X such that µ(A) > 1− r and for any x ∈ A, µ(Rx) >
1− r, where
Rx = {y ∈ X : (x,y) ∈ R}.
Enumerate FN0 = {x1,x2, . . . ,xm}. Thenm≤C. Let I= {1≤ i≤m : A∩B
α
N0
(xi,ε/8) 6= /0}.
Denote #(I) = m′. Then 1≤ m′ ≤ m. For each i ∈ I, pick yi ∈ A∩B
α
N0
(xi,ε/8). Then we
have BαN0(xi,ε/8)⊂ B
α
N0
(yi,ε/4) for all i ∈ I. As
µ
(
A∩
⋂
i∈I
Ryi ∩
⋃
x∈FN0
BαN0(x,ε/8)
)
≥ 1− r−m′r− ε/8> 1− ε,
choose a compact subset
K ⊂ A∩
⋂
i∈I
Ryi ∩
⋃
x∈FN0
BαN0(x,ε/8)
with µ(K) > 1− ε . If x ∈ K, there exists i ∈ I such that x ∈ Ryi ∩B
α
N0
(yi,ε/4). Then
(yi,x) ∈ R. By the construction of R, for any n≥ N0,
Hαn (x,yi)≤ H
α
N0
(x,yi)+ r < ε/4+ r < ε/2.
Let C=
∨N0−1
i=0 T
−iα = {C1,C2, · · · ,Cp}with p≤ l
N0 . Let E ij =C j∩B
α
N0
(yi,ε/4). Then
K ⊂
⋃
i∈I
p
∪
j=1
E ij. For any (x,y) ∈ E
i
j, we have H
α
n (x,y) = 0 for any 1 ≤ n ≤ N0− 1, thus
Hαn (x,y)< ε for any n ∈ N.
(5)⇒ (2) Assume that diam(X) ≤ 1. For every ε > 0 and any m ∈ N there is finite
partition αm = {A1m,A
2
m, · · · ,A
tm
m } of X with diam(A
i
m)<
ε
2m
such that for any b ∈ N there
is nm,b ∈ N and measurable sets B
1
m,b,B
2
m,b, · · · ,B
nm,b
m,b satisfying µ(
nm,b
∪
i=1
Bim,b) > 1−
ε
2b
1
2m
,
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and if x,y ∈ Bim,b for 1≤ i≤ nm,b then H
αm
n (x,y)<
ε
2b
for any n≥ 1. By the regularity of
µ , we can assume that Bim,b is a closed set. Let Km,b =
nm,b
∪
i=1
Bim,b, then µ(Km,b)> 1−
ε
2b
1
2m
.
Let Km =
∞
∩
b=1
Km,b, then µ(Km)> 1−
ε
2m
. Let K =
∞
∩
m=1
Km, then µ(K) > 1− ε.
Now we show K is equicontinuous in the mean. Suppose to the contrary that K is not
equicontinuous in the mean. Then by the definition there exists η > 0 such that for any
k ≥ 1 there are xk,yk ∈ K and sk such that d(xk,yk) <
1
k
and d¯sk(xk,yk) ≥ η . As K is
compact, without loss of generality assume that xk → x ∈ K, we also have yk → x. For
any k ∈ N, by the triangle inequality, either d¯sk(xk,x)≥
η
2
or d¯sk(yk,x) ≥
η
2
. Without loss
of generality, we always have d¯sk(xk,x)≥
η
2
.
Let Ekm = {0 ≤ i ≤ sk − 1: α
m
i (x) 6= α
m
i (xk)}. Then H
αm
sk
(xk,x) =
1
sk
#(Ekm). Since
diam(X)≤ 1 and diam(Aim) <
ε
2m
. So if i ∈ Ekm, then d(x,xk) ≤ 1, if i ∈ [0,sk− 1] \E
k
m,
then d(x,xk)≤
ε
2m
. So
1
sk
(#(Ekm)×1+(sk−#(E
k
m))×
ε
2m
)≥ d¯sk(xk,x)≥
η
2
.
Fix m′ ∈ N with ε
2m
′ ≤
η
4
, we have #(Ek
m′
) ≥ η
4
sk. Then H
αm
′
sk
(xk,x) ≥
η
4
. Choose b′ ∈ N
such that ε
2b
′ <
η
4
. Without loss of generality, we assume {xk} ⊂ B
i
m′,b′ for some 1≤ i ≤
nm′,b′ . Since B
i
m′,b′ is closed, x ∈ B
i
m′,b′ , then H
αm
′
sk
(xk,x)<
ε
2b
′ <
η
4
, a contradiction.
(5)⇒ (3) and (5)⇒ (4) are obvious.
(4)⇒ (5)Fix ε > 0, then there exist measurable sets B1,B2, · · · ,Bk satisfying µ(
k
∪
i=1
Bi)>
1− ε
8
and limsup
n→∞
Hαn (x,y)< ε/8 for x,y ∈
k
∪
i=1
Bi×Bi. Let D= X×X \
l
∪
i=1
Ai×Ai. By the
Birkhoff pointwise ergodic theorem for µ ×µ a.e. (x,y) ∈ X2
Hαn (x,y) =
1
n
n−1
∑
i=0
1D(T
ix,T iy)→ H∗(x,y).
So for a given 0< r<min{1, ε
2k
}, by Egorov’s theorem there are R⊂X2 with µ×µ(R)>
1− r2 and N0 ∈ N such that if (x,y) ∈ R then
|Hαn (x,y)−H
∗(x,y)|< r, for n≥ N0.
By Fubini’s theorem there is A ⊂ X such that µ(A) > 1− r and for any x ∈ A, µ(Rx) >
1− r, where
Rx = {y ∈ X : (x,y) ∈ R}.
Let B∗(x,δ ) = {y ∈ X : H∗(x,y) < δ}. Choose xi ∈ Bi and let I = {1 ≤ i ≤ k : A∩
B∗(xi,ε/8) 6= /0}. Denote #(I) = k
′. Then 1 ≤ k′ ≤ k. For each i ∈ I, pick yi ∈ A∩
B∗(xi,ε/8). Then we have B
∗(xi,ε/8)⊂ B
∗(yi,ε/4) for all i ∈ I. As
µ
(
A∩
⋂
i∈I
Ryi ∩
k⋃
i=1
B∗(xi,ε/8)
)
≥ 1− r−m′r− ε/8> 1− ε,
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choose a compact subset
K ⊂ A∩
⋂
i∈I
Ryi ∩
k⋃
i=1
B∗(xi,ε/8)
with µ(K) > 1− ε . If x ∈ K, there exists i ∈ I such that x ∈ Ryi ∩ B
∗(yi,ε/4). Then
(yi,x) ∈ R. By the construct of R, for any n≥ N0,
Hαn (x,yi)≤ H
∗(x,yi)+ r < ε/4+ r < ε/2.
Let C =
∨N0−1
i=0 T
−iα = {C1,C2, · · · ,Cp} with p ≤ l
N0 . Let E ij = C j ∩ B
α
N0
(yi,ε/4).
Then K ⊂
⋃
i∈I
p
∪
j=1
E ij. For any (x,y) ∈ E
i
j, we have H
α
n (x,y) = 0 for any n ≤ N0 − 1,
thus Hαn (x,y)< ε for any n ∈ N.

Corollary 3.2. Let (X ,B,µ,T ) be a m.p.s. where (X ,B,µ) is a Lebesgue space. Then
the following statements are equivalent:
(1) (X ,B,µ,T ) has discrete spectrum.
(2) For any finite partition α = {A1, . . . ,Al} of X and ε > 0 there exists C > 0 such
that K(n,α,ε)≤C for all n≥ 1.
Proof. By Theorem 2.1, there is a topological dynamical system (Y,S) such that pi :
(Y,BY ,ν,S)→ (X ,B,µ,T) is measure-theoretically isomorphic, where ν is an S-invariant
Borel probability measure and BY is the σ -algebra consisting of Borel subsets of Y .
(1)⇒ (2) Then (Y,BY ,ν,S) has discrete spectrum. By [14, Theorem 4.2, 4.3, 4.6],
(Y,BY ,ν,S) is µ-mean equicontinuous. By Theorem 3.1 for any finite partition pi
−1α =
{pi−1A1, . . . ,pi
−1Al} on (Y,BY ,ν,S) and ε > 0 there existsC> 0 such thatK(n,pi
−1α,ε)≤
C for all n ≥ 1. Then for any finite partition α = {A1, . . . ,Al} on (X ,B,µ,T ) and ε > 0
there existsC > 0 such that K(n,α,ε)≤C for all n≥ 1.
(2)⇒ (1) just the same as (1)⇒ (2). 
4. µ-MEAN EQUICONTINUOUS FUNCTIONS AND COMPLEXITY FUNCTIONS
4.1. µ-mean equicontinuous functions. In this subsection, we will give two definitions
about measure-theoretic mean equicontinuous functions, and show that they are equiva-
lent.
Definition 4.1. Let (X ,T ) be a t.d.s. with a metric d and µ ∈ M(X ,T ). We say that a
function f ∈ L1(X ,µ) is (µ,d)-mean equicontinuous if for any τ > 0 there is a compact
subset K of X satisfying µ(K)> 1−τ , and for any ε there is δ > 0 whenever d(x,y)< δ
with x,y ∈ K, we have
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|< ε.
Definition 4.2. Let (X ,B,µ,T ) be a measure preserving system. We say a function f ∈
L1(X ,µ) is µ-mean equicontinuous if for any ε > 0 there is k ∈ N and measurable sets
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A1,A2, · · · ,Ak satisfying µ(
k
∪
i=1
Ai)> 1− ε , and if x,y ∈ Ai for some 1≤ i≤ k then
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|< ε.
Proposition 4.3. Let (X ,T ) be a t.d.s. with a metric d, µ ∈M(X ,T ) and f ∈ L1(X ,µ).
Then the following statements are equivalent:
(1) f is (µ,d)-mean equicontinuous.
(2) f is µ-mean equicontinuous.
Proof. (1)⇒ (2) For any ε > 0, there is a compact set M with µ(M) > 1− ε , and there
is δ > 0 whenever d(x,y)< 2δ with x,y ∈M
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|< ε.
By the compactness ofM, there is k∈N and x1, . . . ,xk ∈M such thatM=
k
∪
i=1
B(xi,δ )∩M.
Let Ai = B(xi,δ )∩M for 1≤ i≤ k, then µ(
k
∪
i=1
Ai) > 1− ε , thus f is µ-mean equicontin-
uous.
(2)⇒ (1) For any τ > 0 and any n ∈ N, there exist kn pairwise disjoint measurable
subsets {Ani }
kn
i=1 with µ(
kn
∪
i=1
Ani )> 1−
τ
2n
such that if x,y ∈ Ani ,
limsup
m→∞
1
m
m−1
∑
i=0
| f (T ix)− f (T iy)|<
1
n
.
By the regularity of µ , we can require Ani to be compact. Let δn = min
1≤i 6= j≤kn
d(Ani ,A
n
j). Let
Mn =
kn
∪
i=1
Ani ,M =
∞
∩
n=1
Mn, then µ(M)> 1−τ andM is a compact set. For any ε > 0 there
is n ∈ N such that 1
n
< ε . Then whenever d(x,y) < δn with x,y ∈M, there exists A
n
i such
that x,y ∈ Ani . Then
limsup
n→∞
1
m
m−1
∑
i=0
| f (T ix)− f (T iy)|<
1
n
< ε.
Then f is (µ,d)-mean equicontinuous. 
Remark 4.4. This Proposition show that for a t.d.s. (X ,T ), µ ∈M(X ,T), the definition
of (µ,d)-mean equicontinuous functions does not rely on the metric d. Thus in the fol-
lowing, we will simply write µ-mean equicontinuous functions instead of (µ,d)-mean
equicontinuous functions.
Definition 4.5. Let (X ,T ) be a t.d.s. with a metric d and µ ∈M(X ,T). We say a function
f ∈ L1(X ,µ) is µ-equicontinuous in the mean if for any τ > 0 there is a compact subset
K of X satisfying µ(K) > 1− τ , and for any ε there is δ > 0 whenever d(x,y) < δ with
x,y ∈ K, we have
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|< ε,
10 TAO YU
for any n≥ 1.
Theorem 4.6. Let (X ,T ) be a t.d.s. with a metric d, µ ∈M(X ,T) and f ∈ L1(X ,µ). Then
the following statements are equivalent:
(1) f is µ-equicontinuous in the mean.
(2) f is µ-mean equicontinuous.
Proof. (1)⇒ (2) is obvious.
(2)⇒ (1) Now assume that f is µ-mean equicontinuous. Fix ε > 0. By Lusin’s theo-
rem, there is a compact K ⊂ X such that µ(K)> 1−ε and K is an f -mean equicontinuous
set and f is continuous on K. For any l > 0 there exists a δl > 0 such that
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|<
1
l
for all x,y ∈ K with d(x,y)< δl . As K is compact, there exists a finite subset Fl of K such
that K ⊂
⋃
x∈Fl
B(x,δl). Enumerate Fl as {x
1
l ,x
2
l , . . . ,x
ml
l }. For j = 1, . . . ,ml and N ∈ N,
let
ANl (x
j
l ) =
{
y ∈ B(x
j
l ,δl)∩K :
1
n
n−1
∑
i=0
| f (T ix
j
l )− f (T
iy)|<
1
l
, n= N,N+1, . . .
}
.
It is easy to see that for each j = 1, . . . ,ml, {A
N
l (x j)}
∞
N=1 is an increasing sequence and
B(x
j
l ,δl) ∩K =
∞
∪
N=1
ANl (x
j
l ). Choose Nl ∈ N and a compact subset Kl of K such that
µ(Kl)> µ(K)−
ε
2l
with Kl ∩B(x
j
l ,δl)⊂ A
Nl
l (x
j
l ) for j = 1, . . . ,ml.
Let K0 =
∞
∩
j=1
K j, then µ(K0) > 1−2ε . Let δl,1 be the Lebesgue number of {B(x
j
l ,δl) :
j = 1, · · · ,ml}. By the continuity of f on K0, there exists δl,2 > 0 such that
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|<
1
l
for n = 1,2, · · · ,Nl−1 and every x,y ∈ K0 with d(x,y) < δl,2. Let δl,3 = min{δl,1,δl,2}.
Then by the construction, we know that for every x,y ∈ K0 with d(x,y) < δl,3, and every
n ∈ N, we have 1
n ∑
n−1
i=0 | f (T
ix)− f (T iy)|< 2
l
. Thus f is µ-equicontinuous in the mean.

4.2. Bounded complexity with respect to functions. In this subsection, we study µ-
mean equicontinuous functions and measure-theoretic complexity with respect to some
functions.
Let (X ,T ) be a t.d.s. and µ ∈M(X ,T), f ∈ L1(X ,µ). Define
f¯n(x,y) =
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)| and fˆn(x,y) =max
{
f¯k(x,y) : 1≤ k ≤ n
}
.
For x ∈ X , n≥ 1 and ε > 0, let
B f¯n(x,ε) = {y ∈ X : f¯n(x,y)< ε}.
B fˆn(x,ε) = {y ∈ X : fˆn(x,y)< ε}.
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and
K(n,ε, f¯ ) =min{#(F) : µ(
⋃
x∈F
B f¯n(x,ε))> 1− ε}.
K(n,ε, fˆ ) =min{#(F) : µ(
⋃
x∈F
B fˆn(x,ε))> 1− ε}.
We say that µ has bounded topological complexity with respect to { f¯n} (resp. { fˆn})
if for every ε > 0 there exists a positive integer C =C(ε) such that K(n,ε, f¯ ) ≤C (resp.
K(n,ε, fˆ )≤C) for all n≥ 1. Motivated by [14, Theorem 4.2, 4.3], we have the following
theorem.
Theorem 4.7. Let (X ,T) be a t.d.s. and µ ∈M(X ,T), f ∈ L1(X ,µ). Then the following
statements are equivalent:
(1) f is µ-mean equicontinuous.
(2) f is µ-equicontinuous in the mean.
(3) µ has bounded complexity with respect to { f¯n}.
(4) µ has bounded complexity with respect to { fˆn}.
(5) For any ε > 0 there is k ∈ N and measurable subsets A1, · · · ,Ak with µ(
k
∪
i=1
Ai) >
1− ε and fˆn(x,y)< ε for any x,y ∈ Ai and any n ∈ N.
Proof. (1)⇔ (2) is Theorem 4.6.
(2)⇒ (5) Fix ε > 0, there exists a measurable subset K of X with µ(K) > 1− ε such
that K is f -equicontinuous in the mean. As the measure µ is regular, we can require K is
compact. There exists a δ > 0 such that for all x,y ∈ K and any n ∈ N with d(x,y)< δ
f¯n(x,y) =
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|< ε,
thus fˆn(x,y) < ε for any n ∈ N. As K is compact, there exists a finite subset F of K such
that K ⊂
⋃
x∈F B(x,
δ
2
). Enumerate F as {x1,x2, . . . ,xm}. Then fˆn(x,y) < ε for any n≥ 1
with x,y ∈ B(xi,
δ
2
), 1≤ i≤ m.
(5)⇒ (2) For any ε > 0 and any m ∈ N there is subset Km ⊂ X with µ(Km) > 1−
ε
2m
and km ∈ N such that Km ⊂
km
∪
i=1
Aim such that fˆn(x,y)<
ε
2m
for any x,y ∈ Aim and any n ∈N.
By the regularity of µ , we can assume Aim and Km to be compact. Let K =
∞
∩
m=1
Km, then
µ(K)> 1− ε .
Now we show K is f -equicontinuous in the mean. Assume contrary that K is not f
equicontinuous in the mean. Then by the definition there exists τ > 0 such that for any
k ≥ 1 there are xk,yk ∈ K and mk ∈ N such that d(xk,yk) <
1
k
and fˆmk(xk,yk) ≥ τ . As K
is compact, without loss of generality assume that xk → x ∈ K, we also have yk → x. For
any k ∈ N, by the triangle inequality, either fˆmk(xk,x)≥
τ
2
or fˆmk(yk,x)≥
τ
2
. Without loss
of generality, we always have fˆmk(xk,x)≥
τ
2
.
Choose m′ ∈ N such that ε
2m
′ <
τ
2
. Note that the sequence {xk} is in K and {A
i
m′
} is
a finite cover of K. Passing to a subsequence if necessary, we assume that the sequence
{xk} is in A
i0
m′
. As A
i0
m′
is closed, x is also in A
i0
m′
. Note that for any u,v ∈ Ai0
m′
and any
n≥ 1, fˆn(u,v)<
ε
2m
′ <
τ
2
. Particularly, we have fˆmk(xk,x)<
ε
2m
′ <
τ
2
, a contradiction.
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(5)⇒ (4) and (4)⇒ (3) are obvious.
(3)⇒ (5) Assume that µ has bounded complexity with respect to { f¯n}. Let ε > 0.
There isC =C(ε) such that for any n ∈ N, there is Fn ∈ X with #(Fn)≤C such that
µ
(⋃
x∈Fn
B f¯n(x,ε/8)
)
> 1− ε/8.
By the Birkhoff pointwise ergodic theorem for µ ×µ a.e. (x,y) ∈ X2
f¯n(x,y) =
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)| → f ∗(x,y).
So for a given 0< r<min{1, ε
2C
}, by Egorov’s theorem there are R⊂X2 with µ×µ(R)>
1− r2 and N0 ∈ N such that if (x,y) ∈ R then
| f¯n(x,y)− f¯N0(x,y)|< r, for n≥ N0.
By Fubini’s theorem there is A ⊂ X such that µ(A) > 1− r and for any x ∈ A, µ(Rx) >
1− r, where
Rx = {y ∈ X : (x,y) ∈ R}.
Enumerate FN0 = {x1,x2, . . . ,xm}. Then m ≤C. Let I = {1≤ i ≤ m : A∩B f¯N0
(xi,ε/8) 6=
/0}. Denote #(I) = m′. Then 1≤ m′ ≤ m. For each i ∈ I, pick yi ∈ A∩B f¯N0
(xi,ε/8). Then
we have B f¯N0
(xi,ε/8)⊂ B f¯N0
(yi,ε/4) for all i ∈ I. As
µ
(
A∩
⋂
i∈I
Ryi ∩
⋃
x∈FN0
B f¯N0
(x,ε/8)
)
≥ 1− r−m′r− ε/8> 1− ε,
for any i ∈ I, by Lusin’s theorem, we can choose compact subset
Ki ⊂ A∩
⋂
i∈I
Ryi ∩B f¯N0
(xi,ε/8)
with µ(∪
i∈I
Ki)> 1− ε and f (T
jx) is continuous on ∪
i∈I
Ki for 0≤ j ≤ N0. Let K = ∪
i∈I
Ki.
If x ∈ K, there exists i ∈ I such that x ∈ Ki ⊂ Ryi ∩B f¯N0
(yi,ε/4). Then (yi,x) ∈ R. By
the construct of R, for any n≥ N0,
f¯n(yi,x)≤ f¯N0(yi,x)+ r < ε/4+ r < ε/2.
Since f (T jx) is continuous on K for 0 ≤ j ≤ N0, there is δ > 0 such that for any
x1,x2 with d(x1,x2) < δ , we have | f (T
jx1)− f (T
jx2)| < ε for any 0 ≤ j ≤ N0. Thus
f¯n(x1,x2) < ε for 1 ≤ n ≤ N0. Since Ki is compact, there exists a finite subset Hi of Ki
such that Ki ⊂
⋃
x∈Hi
B(x, δ
2
). Then for any x1,x2 ∈ B(x,
δ
2
)∩Ki where x ∈ Hi, we have
f¯n(x1,x2) ≤ f¯n(x1,yi)+ f¯n(x2,yi) < ε for any n≥ N0, and f¯n(x1,x2) < ε for 1≤ n ≤ N0.
Thus fˆn(x1,x2) < ε for any n ≥ 1. Thus K ⊂
⋃
i∈I
(
⋃
x∈Hi
B(x, δ
2
)∩Ki), and for any x1,x2 ∈
B(x, δ
2
)∩Ki where x ∈ Hi, fˆn(x1,x2)< ε for any n≥ 1. 
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5. µ-MEAN EQUICONTINUOUS FUNCTIONS AND ALMOST PERIODIC FUNCTION
Garcı´a-Ramos and Marcus [12, Corollary 3.8] proved the following proposition holds
for ergodic measure, we will show that it holds for invariant measure.
Proposition 5.1. [12] Let (X ,T ) be a t.d.s., µ ∈ Me(X ,T ) and f ∈ L2(X ,µ). Then the
following statements are equivalent:
(1) f is an almost periodic function in L2(X ,µ).
(2) f is µ-mean equicontinuous.
(3) f is µ-mean expansive, that is, there is δ > 0 such that
µ ×µ
({
(x,y) ∈ X×X : liminf
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|> δ
})
= 1.
We use the same idea in [14, Theorem 4.6] and [17, Proposition 4.1] to prove the
following theorem.
Theorem 5.2. Let (X ,T) be a t.d.s., µ ∈M(X ,T) and f ∈ L2(X ,µ). Then the following
statements are equivalent:
(1) f is an almost periodic function in L2(X ,µ).
(2) f is µ-mean equicontinuous.
Proof. (1)⇒ (2)We will show that µ has bounded complexity with respect to { f¯n}, then
by Theorem 4.7, we know that f is µ-mean equicontinuous.
Put ε > 0, we will prove there is m ∈ N such that K(n,ε, f¯ ) ≤ m for any n ∈ N. Let
εt → 0 when t→ ∞ and
∞
∑
t=1
ε2t < ε
2/2. Since the collection of almost periodic function is
spanned by the set of eigenfunctions of L2(X ,µ), we can find eigenfunctions {hi}
∞
i=1 of
L2(X ,µ) and at,k ∈ C for k = 1,2, · · · ,Kt such that
‖ f −
Kt
∑
k=1
at,khk‖L2(X ,µ) < ε
2
t .(5.1)
For k ∈ N, there exist λk ∈ C with |λk| = 1, and Xk ∈ BX with µ(Xk) = 1, TXk ⊆ Xk
such that hk(Tx) = λkhk(x) for all x ∈ Xk. Put
Yt = {x ∈ X : | f (x)−
Kt
∑
k=1
at,khk(x)| ≥ εt}.
Then by (5.1), µ(Yt)< ε
2
t . By Lusin’s Theorem there exists a compact subset At of X \Yt
such that µ(At)> 1− ε
2
t and hk|At is a continuous function for k = 1,2, · · · ,Kt . Clearly
| f (x)−
Kt
∑
k=1
at,khk(x)|< εt(5.2)
for x ∈ At . By the continuity of hk|At , k = 1,2, · · · ,Kt , there exists δt > 0 such that when
x,y ∈ At with d(x,y)< δt , one has
Kt
∑
k=1
|at,k| · |hk(x)−hk(y)|< εt .(5.3)
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Set X0 = (
∞
∩
k=1
Xk)∩ (
∞
∩
t=1
At). Then
µ(X0)> 1−
∞
∑
t=1
ε2t > 1−
ε2
2
.
By Lusin’s theorem and the regularity of µ there is a compact set A⊂ X0 such that µ(A)>
1− ε
2
2
and f is continuous on A.
Since f is continuous on A, there isM ∈N such that | f (x)|<M for x∈ A. Since εt → 0
when t → ∞ and
∞
∑
t=1
ε2t < ε
2/2, there is a ∈ N such that 10Mεa < ε . Since A is compact,
there exist x1,x2, · · · ,xm ∈ A such that
m
∪
r=1
B(xr,
δa
3
)⊇ A.
Next we show that K(n,ε, f¯ ) = min#{F ⊂ X : µ(
⋃
x∈F B f¯n(x,ε))> 1− ε} ≤ m for all
n ∈ N.
To do this for x ∈ X , let E(x) = {i≥ 0 : T ix ∈ Aa}. Then for n ∈ N, let
Fn = {x ∈ X :
#(E(x)∩ [0,n−1])
n
≤ 1− εa}.
Then we have µ(Fn)< εa. Put Dn = A\Fn. Then
µ(Dn)> 1− (ε
2/2+ εa)> 1− ε
and for z ∈ Dn,
(5.4)
#(E(z)∩ [0,n−1])
n
> 1− εa.
Let In = {r ∈ [1,m] : B f¯n(xr,
δa
3
)∩Dn 6= /0}. For r ∈ In, we choose y
n
r ∈ Bd(xr,
δa
3
)∩Dn.
Then
⋃
r∈In
(
B(ynr ,δa)∩Dn
)
⊇
⋃
r∈In
(
B(xr,
δa
3
)∩Dn
)
= Dn.
Fix r ∈ In, for any x ∈ B(y
n
r ,δa)∩Dn,
f n(x,y
n
r ) =
1
n
n−1
∑
i=0
| f (T ix)− f (T iynr )|
≤
1
n
(
∑
i∈[0,n−1]∩E(x)∩E(ynr )
| f (T ix)− f (T iynr )|+2M#{[0,n−1]\E(x)}+2M#{[0,n−1]\E(y
n
r)}
)
< 4Mεa+
1
n
∑
i∈[0,n−1]∩E(x)∩E(ynr )
| f (T ix)− f (T iynr )|
where the last inequality follows from (5.4).
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For i ∈ [0,n−1]∩E(x)∩E(ynr),
| f (T ix)− f (T iynr )| ≤ | f (T
ix)−
Kt
∑
k=1
at,khk(T
ix)|
+ | f (T iynr )−
Kt
∑
k=1
at,khk(T
iynr )|+ |
Kt
∑
k=1
at,k(hk(T
ix)−hk(T
iynr )|
< 2εa+ |
Kt
∑
k=1
at,k(hk(T
ix)−hk(T
iynr )| (by (5.2))
≤ 2εa+
Kt
∑
k=1
|at,k| · |hk(x)−hk(y
n
r )|< 3εa.
where the last inequality follows from (5.3).
Combining the above two inequalities, one has
f n(x,y
n
r )< 4Mεa+
1
n
∑
i∈[0,n−1]∩E(x)∩E(ynr )
| f (T ix)− f (T iynr )| ≤ (4M+3)εa ≤ ε.
This implies B(ynr ,δa)∩Dn ⊆ B f n
(ynr ,ε) for r ∈ In.
Summing up
⋃
r∈In B f n
(ynr ,ε) ⊇
⋃
r∈In B(y
n
r ,δa)∩Dn = Dn and µ(Dn) > 1− ε . Hence
K(n,ε, f¯ )≤ |In| ≤ m.
(2)⇒ (1) Let G be the collection of points z ∈ X which are generic to some ergodic
measure, that is, for each z ∈ G, 1
n ∑
n−1
i=0 δT iz → µz as n→ ∞ and µz is ergodic. Then G is
measurable and µ(G) = 1. We first prove the following Claim.
Claim 1: f is an almost periodic function in L2(X ,µz) for µ-a.e. z ∈ G.
Proof of the Claim 1. Let G1 = {z ∈ G : f ∈ L
2(X ,µz) is not an almost periodic func-
tion in L2(X ,µz) } and H = {z ∈ G : f 6∈ L
2(X ,µz)}. We need to prove that G1 ∪H is
measurable and has zero µ-measure. The ergodic decomposition of µ can be expressed
as µ =
∫
G µz dµ(z) (see e.g. [25, Theorem 6.4]), thus f ∈ L
2(X ,µz) for µ-a.e. z ∈ G,
µ(H) = 0. We will show µ(G1) = 0 in the following. For k ∈ N and z ∈ G, put
Fk(z) = µz×µz
({
(x,y) ∈ X×X : liminf
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|>
1
k
})
.
As
∫
G µz× µzdµ(z) is an invariant measure on (X ×X ,T ×T ), for each k ∈ N, Fk is a
measurable function on G. By Proposition 5.1, we know that f is not an almost periodic
function in L2(X ,µz) if and only if there exists k ∈ N such that Fk(z) = 1. Then G1 =⋃
k∈N{z∈G\H : Fk(z) = 1} and it is measurable. Now it is sufficient to prove µ(G1) = 0.
If not, then µ(G1) > 0 and there exists k ∈ N such that µ({z ∈ G \H : Fk(z) = 1}) > 0.
Let G2 = {z ∈ G \H : Fk(z) = 1} and put r = µ(G2). Then for every z ∈ G2 and for
µz×µz-a.e. (x,y) ∈ X×X ,
(5.5) liminf
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|>
1
k
.
Since f is µ-mean equicontinuous, there exists compact setM ⊂ X with µ(M)> 1− r
2
4
such thatM is f -mean equicontinuous set. By regularity of µ , we can assumeM ⊂G\H.
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Let G3 = {z ∈ G\H : µz(M)> 1−
r
2
}. Then G3 is measurable, as µ =
∫
G µz dµ(z) is the
ergodic decomposition of µ . We have
1−
r2
4
< µ(M) =
∫
G\H
µz(M)dµ(z)≤
∫
G3
µz(M)dµ(z)+
∫
G\(G3∪H)
µz(M)dµ(z)
≤ µ(G3)+(1−µ(G3))(1−
r
2
),
which implies that µ(G3) > 1−
r
2
. Then µ(G2 ∩G3) > r+(1−
r
2
)− 1 = r
2
> 0. Pick
z ∈G2∩G3. AsM is an f -mean equicontinuous set, there exists a δ > 0 such that for any
x,y ∈M with d(x,y)< δ ,
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|<
1
k
.
As M is compact, there exists a finite open cover {U1,U2, . . . ,Um} of M with diameter
less than δ . Since z ∈ G3, µz(M) > 1−
r
2
. Then there exists i ∈ {1, . . . ,m} such that
µz(Ui) > 0 and also µz×µz(Ui×Ui) > 0. Note that the diameter of Ui is less than δ , so
for any x,y ∈Ui,
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|<
1
k
,
which contradicts to (5.5). This ends the proof of Claim 1. 
Let
G0 = {z ∈ G : f is an almost periodic function in L
2(X ,µz)}.
By Claim 1, we have µ(G0) = 1.
Claim 2: For any τ > 0, there exists M∗ ∈ BX with µ(M
∗) > 1− τ such that {T n( f ·
1M∗) : n ∈ Z} is precompact in L
2(X ,µ).
Proof of the Claim 2. Fix a constant τ > 0. Since f is µ-mean equicontinuous, there
exists compact set M ⊂ X with µ(M) > 1− τ such that M is an f -mean equicontinuous
set. By Lusin’s theorem, we can assume that f is continuous onM. LetM∗=
⋃
n∈ZT
−nM.
To show that {T n( f ·1M∗) : n ∈ Z} is precompact in L
2(X ,µ), we only need to prove for
any sequence {tn} in Z there exists a subsequence {sn} of {tn} such that {T
sn( f ·1M∗)} is
a Cauchy sequence in L2(X ,µ).
By regularity of µ , we can assume thatM ⊂G0. Choose a countable dense subset {zm}
in M. As f is an almost periodic function in L2(X ,µz1), there exists a subsequence {tn,1}
of {tn} such that {T
tn,1 f : n ∈ N} is a Cauchy sequence in L2(X ,µz1). Inductively assume
that for each i≤m−1 we have defined {tn,i} (which is a subsequence of {tn,i−1}) such that
{T tn,i f : n ∈ N} is a Cauchy sequence in L2(X ,µzi). As f is an almost periodic function
in L2(X ,µzm), there exists a subsequence {tn,m} of {tn,m−1} such that {T
tn,m f : n ∈N} is a
Cauchy sequence in L2(X ,µzm). Let sn = tn,n for n≥ 1. By the usual diagonal procedure,
{T sn f : n ∈ N} is a Cauchy sequence in L2(X ,µzm) for all m≥ 1.
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Fix ε > 0. AsM is an f -mean equicontinuous set and f is continuous onM, there exists
δ > 0 such that for any x,y ∈M with d(x,y)< δ ,
limsup
n→∞
1
n
n−1
∑
i=0
| f (T ix)− f (T iy)|2 < ε.
Since M is compact and {zm} is dense in M, there exists finite set {za1 , · · · ,zal} such
that
l
∪
h=1
B(zah,δ ) ⊃M. Without loss of generality, assume zah = zh for all 1 ≤ h ≤ l. As
{T sn f : n ∈N} is a Cauchy sequence in L2(X ,µzh) for 1≤ h≤ l, there exists Nε ∈N such
that ‖T s j f −T sk f‖2
L2(X ,µzh)
≤ ε for any j,k ≥ Nε and 1≤ h≤ l.
For any z ∈M, there exists 1≤ h≤ l such that d(z,zh)< δ . For any j,k ≥ Nε ,
‖T s j f −T sk f‖2
L2(X ,µz)
=
∫
X
|T s j f −T sk f |2dµz = lim
n→∞
1
n
n−1
∑
i=0
| f (T s j+iz)− f (T sk+iz)|2
≤ limsup
n→∞
1
n
n−1
∑
i=0
| f (T s j+iz)− f (T s j+izh)|
2
+ limsup
n→∞
1
n
n−1
∑
i=0
| f (T sk+iz)− f (T sk+izh)|
2
+ lim
n→∞
1
n
n−1
∑
i=0
| f (T s j+izh)− f (T
sk+izh)|
2
≤ 2ε +‖T s j f −T sk f‖2
L2(X ,µzh)
≤ 3ε.
Thus {T sn f : n ∈ N} is a Cauchy sequence in L2(X ,µz). Then for each z ∈M,
lim
N→∞
sup
j,k≥N
∫
X
|T s j f −T sk f |2 dµz = 0.
For each y ∈ M∗, there exists n ∈ Z and z ∈ M such that T nz = y. Then µz = µy. For
z ∈M∗, put
fN(z) = sup
j,k≥N
∫
X
|T s j f −T sk f |2dµz.
Since for any ε , there exists Nε ∈ N such that ‖T
s j f −T sk f‖2
L2(X ,µz)
≤ 3ε for any z ∈M∗
and any j,k≥ Nε , we have fN(z)≤ 3ε for any z ∈M
∗ and any N ≥ Nε . By the dominated
convergence theorem,
(5.6) lim
N→∞
∫
M∗
fN(z)dµ(z) =
∫
M∗
lim
N→∞
fN(x)dµ(z) = 0.
It is easy to see that
sup
j,k≥N
∫
M∗
∫
X
|T s j f −T sk f |2 dµz dµ(z)≤
∫
M∗
(
sup
j,k≥N
∫
X
|T s j f −T sk f |2dµz
)
dµ(z)
=
∫
M∗
fN(z)dµ(z)
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which deduces
lim
N→∞
(
sup
j,k≥N
∫
M∗
∫
X
|T s j f −T sk f |2dµz dµ(z)
)
= 0 by (5.6).
As
∫
M∗ gdµ =
∫
M∗(
∫
gdµz)dµ(z) for any g ∈ L
2(X ,µ) we have
lim
N→∞
(
sup
j,k≥N
∫
M∗
|T s j f −T sk f |2dµ
)
= 0.
Note that T (M∗) =M∗, so∫
M∗
|T s j f −T sk f |2dµ =
∫
|T s j( f ·1M∗)−T
sk( f ·1M∗)|
2dµ.
Thus {T sn( f · 1M∗)} is a Cauchy sequence in L
2(X ,µ), which ends the proof of Claim
2. 
The collection of functions g such that {T ng : n ∈ Z} is precompact in L2(X ,µ) is
closed in L2(X ,µ). As the measure of M∗ in Claim 2 can be arbitrarily close to 1,
{T n f : n ∈ Z} is also precompact in L2(X ,µ).

Corollary 5.3. Let (X ,B,µ,T ) be an invertible measure preserving systemwhere (X ,B,µ)
is a Lebesgue space, f ∈ L2(X ,µ). Then the following statements are equivalent:
(1) f is an almost periodic function in L2(X ,µ).
(2) f is µ-mean equicontinuous.
(3) µ has bounded complexity with respect to { f¯n}.
Proof. Since (X ,B,µ) is a Lebesgue space, by Theorem 2.1 there is a t.d.s. (Y,S) with
ν an S-invariant Borel probability measure such that pi : (X ,B,µ,T )→ (Y,BY ,ν,S) is
measure-theoretically isomorphic.
(2)⇒ (1) Then fpi−1 ∈ L2(Y,ν) is ν-mean equicontinuous. By theorem 5.2 fpi−1 is
an almost periodic function in L2(Y,ν). So f is an almost periodic function in L2(X ,µ).
(1)⇒ (2) just the same as (2)⇒ (1).
(2)⇒ (3) Let g = fpi−1, then g ∈ L2(Y,ν) is ν-mean equicontinuous. By Theorem
4.7 ν has bounded complexity with respect to {g¯n}, so µ has bounded complexity with
respect to { f¯n}.
(3)⇒ (2) just the same as (2)⇒ (3). 
We will show the relationship between measurable mean equicontinuity and measur-
able mean equicontinuous functions which generalized Garcı´a-Ramos andMarcus’s result
[12, Theorem 3.9] from ergodic measure cases to invariant measure cases.
Theorem 5.4. Let (X ,T ) be a t.d.s. with a metric d and µ ∈M(X ,T). Then the following
statements are equivalent:
(1) (X ,T) is µ-mean equicontinuous.
(2) For any f ∈C(X), f is µ-mean equicontinuous.
(3) For any f ∈ L2(X ,µ), f is µ-mean equicontinuous.
(4) For any B ∈BX , 1B is µ-mean equicontinuous.
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Proof. (1)⇒ (2) For any τ > 0, there is a compact setM ⊂ X with µ(M) > 1− τ and M
is mean equicontinuous set.
Fix f ∈C(X), for any η there exists θ > 0 such that d(u,v)< θ implies | f (u)− f (v)|<
η . Since M is a mean equicontinuous set, there is δ > 0 whenever d(x,y) < δ with
x,y ∈M, then we have
D{n : d(T nx,T ny)< θ} ≥ 1−θ .
Then for x,y ∈M with d(x,y)< δ , we have
D{n : | f (T nu)− f (T nv)|< η} ≥ 1−θ .
ThusM is f -mean equicontinuous set, and f is µ-mean equicontinuous.
(2)⇒ (1) Choose a countable set { fn} in C(X) with max
x∈X
| fn(x)| ≤ 1 and span{ fn} is
dense in C(X). Define
ρ(x,y) =
∞
∑
n=1
| fn(x)− fn(y)|
2n
.
Then ρ is a compatible metric on (X ,T ). For any τ > 0 and any n ∈ N, there exists
compact set Mn such that µ(Mn) > 1−
τ
2n
and Mn is an fn-mean equicontinuous set. Let
M =
∞
∩
n=1
Mn, then µ(M) > 1− τ and for any n ∈ N, M is an fn-mean equicontinuous set.
Next we show that M is a mean equicontinuous set. For any ε > 0 choose N ∈ N so
that
∞
∑
n=N+1
2
2n
≤ ε
2
. SinceM is an fn-mean equicontinuous set, there exists δ > 0 such that
whenever d(x,y)< δ with x,y ∈M,
limsup
m→∞
1
m
m−1
∑
i=0
| fn(T
ix)− fn(T
iy)|<
ε
2
for n≤ N. Then
1
m
m−1
∑
i=0
|ρ(T ix,T iy)|
≤
1
m
m−1
∑
i=0
(
N
∑
n=1
| fn(T
ix)− fn(T
iy)|
2n
+
ε
2
)
=
N
∑
n=1
1
2n
(
1
m
m−1
∑
i=0
| fn(T
ix)− fn(T
iy)|)+
ε
2
so
limsup
m→∞
1
m
m−1
∑
i=0
ρ(T ix,T iy)≤
N
∑
n=1
1
2n
limsup
m→∞
(
1
m
m−1
∑
i=0
| fn(T
ix)− fn(T
iy)|)+
ε
2
≤
N
∑
n=1
1
2n
(
ε
2
)+
ε
2
≤ ε
ThusM is a mean equicontinuous set and (X ,T ) is µ-mean equicontinuouswith themetric
ρ . By [14, Theorem 4.2, 4.3, 4.6], we know that (X ,T ) is µ-mean equicontinuous if and
only if (X ,T ) has discrete spectrum, which does not rely on the metric. So (X ,T) is
µ-mean equicontinuous with metric d.
(3)⇒ (4) and (3)⇒ (2) are obvious.
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(2)⇒ (3) By Theorem 5.2, f is µ-mean equicontinuous if and only if f is an almost
periodic function in L2(X ,µ). SinceC(X) is dense in L2(X ,µ) and almost periodic func-
tions are closed in L2(X ,µ), for any f ∈ L2(X ,µ), f is µ-mean equicontinuous.
(4)⇒ (3) By Theorem 5.2, f is µ-mean equicontinuous if and only if f is an almost
periodic function in L2(X ,µ). Since span{1B : B ∈ B} is dense in L
2(X ,µ) and almost
periodic functions are closed in L2(X ,µ), for any f ∈ L2(X ,µ), f is µ-mean equicontin-
uous. 
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